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ABSTRACT 

Two forms of Keisler's characterization of functorial predicates are established 
for implicitly definable infinitary operations. In particular, functorial and 
implicitly definable =~ explicitly definable. 

Let ~ r  be a variety offinitary algebras, tr an operation of T, Z a set of operations 

of T such that every mapping of T-algebras which preserves all the operations in Z 

preserves tr. Then T implies a theorem 

Xo = a ( x l ,  . . . , x n ) c ~ ( 3 t l )  ... ( 3 t , ) ~ ,  

where �9 is a conjunction of equations over E. Conversely, the displayed theorem 

implies the preservation relation. This is an easy and obvious conclusion from 

known results of E. W. Beth and H. J. Keisler I-2]. 

Another easy result is that (in this setting) the displayed theorem is equivalent 

to a theorem of  the form 

Xo = ,r(x, , . . . ,  xg '~ (Vto) . . .  (vt,) [ ' t '  :~ to = Xo], 

like ~. The purpose of this paper is to extend the results to infinitary algebras. 

The proofs are easier. The Beth and Keisler theorems are not consequences, 

because those theorems concern arbitrary finitary theories and predicates, not 

just equational theories and operations. 

Though implicitly defined, tr thus turns out to be both existentially and univer- 

sally definable. It need not have a quantifier-free definition, nor (in the finitary 

case) a definition in a language with a preassigned finite number of parameter 
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symbols t i, even if n = 1. Also, the universal form cannot be much modified. 

One has 

Xo = a( O) .~  (Vtl) Xot l  = t~ 

in the theory of monoids, defining the identity operation tr over the multiplication 

Z, but X-homomorphisms do not preserve a. 

For the proofs, let T be a varietal theory and Z a class of its operations. (A 

varietal theory 1-3-1 is allowed to have a proper class of operations; the crucial 

requirement is that a free algebra on any set of generators exists, as a set.) A 2;- 

homomorphism of T-algebras means a mapping preserving all the operations of X. 

THEOREM 1. I f  the m-ary operation a is preserved by Y-homomorphisms 

of T-algebras then there exists a set �9 of  equations in the operations ofF., in 

variables, y, x~(~ < m), and tlj(fl~B ) such that y = a({x~}) in a T-algebra i f  

and only if  for some values of ta(fl e B), q) holds. 

PROOF. Form a free T-algebra M on m generators x~; list all its (n) elements, 

the generators as indicated, the element a({x~)) being called y, and the other 

elements being called ta(fl ~ B). Let N be a free T-algebra on n generators. Let W 

be the set of all elements of N which can I;e generated from the free generators by 

means of operations in 2;. For each element ~ of W select a 2;-word w expressing 

in terms of the generators. Now there is a T-homomorphism h: N ~ M taking 

the generators bijectively to M. Let q) consist of the equations, one for each ~ in 

W, giving the value h(~) of the word w on the arguments y, x~, ta. 

For any elements y* and x*(ct< m) of a T-algebra A, the solutions of q) with 

�9 correspond precisely to the F.-homomorphisms M o  A taking the genera- 

�9 (For any 2;-operation, ~ applied to arguments at most n of which tors to the x~. 

are different yields an element of W and thus a word w accounted for in O. The 

agreement of this specialization of z with w is a theorem of T since it occurs for 

the generators of the free algebra N.) If y* = a({x~*}), there is a solution of �9 
, 

with y = y * ,  x~=x~, given by a T-homomorphism. By hypothesis, all Z- 

homomorphisms of M agreeing on {x~} agree at y; so if y* # a({x~ }), there is no 

such solution of O. 

PROPOSITION 1. In any algebra, i f  �9 is a system of equations in variables 

y, x~(cte A), and tp(fle B), such that for all values of x~(ote A) there is a unique 

value a({x~}) of y such that for some values of tp(fleB), �9 holds, then e((x~}) is 
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also defined as that u such that for all values of y and t~ (fl ~ B), ~ ~ y = u. 

Conversely, i f  the second formula defines a single-valued function, so does 

the first. 

PRorosmoN 2. The converse of Theorem 1 holds. 

Proposition 1 is trivial. Perhaps a bit deeper than its proof is the remark that it 

is not quite true for arbitrary formulas ~. in a one-element algebra, t ~ t =~ y = u 

defines a single-valued function u, but the corresponding existential formula does 

not. However, Proposition 1 is easily checked in the three cases that the number 

of elements is 1, or greater, or less. 

For Proposition 2, a E-homomorphism takes solutions of q~ to solutions of ~. 

A theory is said to have rank r if r is the least regular cardinal >= 2 such that 

every element of  any free T-algebra is in a subalgebra generated by fewer than r 

of the free generators [3]. Let us define the raised rank (if the rank exists) to be 

r* = max (r, N0). It is known, and easily checked, that r*-directed direct limits of 

T-algebras are T-algebras in the natural way. Hence: 

THEOREM 2. I f  the theory T has rank r then the set c~ of Theorem 1 may be 

taken to consist of fewer than r* equations, which necessarily actually involve 

fewer than r* variables. 

PROOF. Consider the r*-directed set of subsets F of q~ of power less than r*. 

When y =  a({x,}), �9 and every F have solutions. Thus, were Theorem 2 false, 

there would be algebras A r containing families {x~} and elements yV~ a({xr}) 

such that for some t~', F holds. In an obvious reduced product we get a coun- 

terexample to Theorem 1, which is absurd. 

It seems worth noting that if just I~ and a are finitary, not much follows. Con- 

sider the theory T of m-complete Boolean algebras with a complete Boolean 

algebra U of at most m unary operations a ( ) subject to [Va~](x) = Vai(x), 

[Aa~] ( x ) =  Aai(x). If  a = Vat and the complement a '  is Vbj, then a(x) is the 

unique y such that yA1 (x) = y, yAai(x) = at(x), yAbj(x)=O(x); a ( ) is definable 

over A and a dense subalgebra of U, but not finitely. True, we have here no more 

equations than the number of  elements of a free T-algebra on one generator. 

A weaker estimate always applies, as is clear from the proof of Theorem 1. 

Finally we note that for theories of rank 2, the systems �9 are known in a more 

special form, and it is known that definable operations a (always preserved, in 

this case) cannot be defined with a bounded number of  variable symbols [1]. 
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